ON TAP TOAN 11 (TUAN 17, 18)
PHUONG PHAP QUY NAP TOAN HQC
.Tém tat ly thuyét :

1. D& chirng minh mét ménh dé 1a dang véi moi n € [I* bang phwong
phap quy nap toan hoc, ta tién hanh hai budc:

¢ Budc 1: Kiém tra rdng ménh dé dang véin = 1.

¢ Budc 2: Gia thiét ménh dé dung véi mot s6 tw nhién bat ki n = k
(k = 1) (ta goi la gia thiet quy nap) va chirng minh rang né ciing dung
vOi n=k+1.

2. Trong treong hop phai chirng minh mét ménh dé la dung voi moi s6
tw nhién n = p (p la s6 tw nhién) thi:

¢ O buwdc 1, ta kiém tra ménh dé dung véin = p.

+ O buoc 2, ta gia thiét ménh dé dung voi mét sb tw nhién bat ki n
=k (k 2 p) va chirng minh rang no ciing dung véin =k + 1.

3. Phép thir v&i mot s6 hibu han s tw nhién, tuy khong phai 1a chirng
minh, nhung cho phép ta dy doan dwoc két qua. Ket qua nay chi la gia
thiét, va dé chirng minh ta c6 thé dung phwong phap quy nap toan hoc.

Cha y: Phuwong phap quy nap toan hoc con dwgc tng dung nhiéu
trong s6 hoc va hinh hoc

Il. Bai tap:
1. Phwong phap giai :

Gia slr cAn chirng minh dang thirc P(n) = Q(n) (hodc P(n) > Q(n)) dung
vOi n 2 ng, ng € N* ta thwe hién cac buwdc sau:

Bwéc 1: Tinh P(no),Q(ng) rdi chirng minh P(ng )= Q(ny)

Bwéc 2: Gia st P(k) = Q(k) ; k = ng, k € N*, ta can chirng minh P(k+1)
= Q(k+1).

2. Bai tap van dung

Bai 1: Chirng minh v&i moi sé tw nhién n = 1 ta ludn coé: 1+2+3+...+n=
(n(n+1))/2

_ n(n+1)
2

(n)

D&t P(n) = 142+3+...+n : tébng n sb tw nhién dau tién :
Ta can chirng minh P(n) = Q(n) n =1 ,n € N*.

Buwédc 1: Véin=1taco P(1)=1,Q(1) =1

= P(1) = Q(1) = 1d4ng v&i n = 1.

Budc 2: Gid str P(k0 = Q(k) v&i k = 1 k € N*. tre la:



14+2+3+..+ =REZ+” (1)

Ta can chirng minh P(k+1) = Q(k+1), tirc la:

14243+ +kH(k+1)= EED (g
That vay:
VT(2) = (14243+..+k)+(k+1)

_ k(k+1)

—+((k+1) (Do dang thirc (1))

— (k+1}(§ +1) = mllﬂ

=VP(2)

Vay dang thirc da cho ding véi moin = 1.

Bai 2:Ch&ng minh v&i moi sb tw nhién n = 1 ta ludn coé: 1+3+5+-+2n-
1=n°

¢Véin=1taco VT =VP =1

Suy ra dang thirc da cho dung véin = 1.

¢ Gia st dang thirc da cho dung véin =k véi k =1 )k € N*. tire Ia:
1+3+5+...+2k-1=k*(1)

Ta can chirtng minh dang thirc da cho dung véi n = k+1, tirc la:
1+3+5+...+(2k-1)+(2k+1)=(k+1)*(2)

Thatvay: VT(2)=1+3+5+ ..+ (2k-1)+ 2k + 1)=k* + 2k + 1) = (k +
1) = VP(2)

Vay dang thirc da cho dung véi moin = 1.

Bai 3: Chirng minh rang v&i moi sb tw nhién n = 1 thi A(n)=7"+3n-1 luén
chia hét cho 9

Loi giai:

*V&in=1 = A(1)=7"+3.1-1=9 = A(1)chia hét cho 9

* Gia st A(k)chia hét cho 9 Vk = 1, ta chirng minh A(k+1)chia hét cho 9
That vay:A(k+1)=7414+3(k+1)1=7.7+21k-7-18k+9 = A(k+1)=7A(K)-9(2k-
1)

Vi A(k) chia hét cho 9 va 9(2k-1) chia ét cho 9 nén A(2k+1) chia hét cho
9

Vay A(n) chia hét cho 9 vé&i moi sb tw nhién n = 1.
*Bai tap twong tw



Bai 1: Ching minh rdng v&i moi s6 tw nhién n = 1, ta luén cd

12 + 22 . (TI o 1)2 + 2 _ n(n+11‘{2n+1)

Bai 2: Chirng minh cac dang thirc sau:

nin+1)(n+2)

124234+ +nn+1) = voivVn = 1.

Bai 3:Chi*ng minh rang v&i ¥Vn = 1, ta c6 bat dang
135..(2n-1) _ 1
2.4.6....21 VZn+l

thire
3. Bai tap trac nghiém phwong phap quy nap toan hoc

Bai 1: Khi si¢* dung phwong phap quy nap dé chirng minh ménh dé
chtra bién A(n) dung v&i moi sb tw nhién n > p (p la mét sé tw nhién), ta
tién hanh hai buoc:

- Budc 1, kiém tra ménh dé A(n) dang véin = p

- Buwdc 2, gia thiét ménh dé A(n) ding voi so tw nhién bat ky n > p va
phai chirng minh rang n6 cling dung véi n = k+1

Trong hai bwéce trén:

A. Chi c6 budc 1 dung. B. Chi c6 buwdc 2 dung.

C. Ca hai budc déu dung. D. Ca hai bwdc déu sai.

Hd- dap an

bép an: C

Bai 2: Dung quy nap chirng minh ménh dé chra bién A(n) dung v&i moi

sO tw nhién n 2 p (p la mot s6 tw nhién). O bwdc 1 (budc co s&) cla
chirng minh quy nap, bat dau v&i n bang:

A.n=1 B.n=p C.n>p D.nz2p

Hd- dap an

bap an: B

Bai 3: Mdt hoc sinh chirng minh ménh dé "8"+1 chia hét cho 7 moin €
¥" (*) nhw sau:

- Gia str dung v&i n = k, tire 1a 8"+1 chia hét cho 7

- Ta c6: 8'+1=8(8*+1)-7 , két hop v&i gia thiét 8“+1 chia hét cho 7 nén
suy ra dwoc 81+1 chia hét cho 7 Vay déng thirc ding véi moin € ¥
Khang dinh ndo sau day la dung?

A. Hoc sinh trén chirng minh dung.

B. Hoc sinh chirng minh sai vi khdng cé gia thiét qui nap.



C. Hoc sinh chirng minh sai vi khéng dung gia thiét qui nap.

D. Hoc sinh khéng kiém tra buwéc 1 (bwdc co s&) ciia phwong phap qui
nap.

Hd- dap an
bép an: D
Thiéu budc 1 1a kiém tra voin = 1, khi d6 ta c6 8 +1 = 9 khong chia hét cho 7

Bai 4: Manh cam mot ty glay va Iay kéo cat thanh 7 manh sau d6 nhat
mot trong sb bay manh gidy da cat va lai cat thanh 7 manh. Manh cw
tle,p tuc cgt nhw vgy Sau mot héi, Manh thu lai va dém tat ca cac manh
giay da cat. Hoi ket qua nao sau day coé the xay ra?

A. Manh thu dwoc 122 manh B. Manh thu dwgc 123 manh

C. Manh thu dwoc 120 manh D. Manh thu duwgc 121 manh

Hd - dap an

bép an: D

MJi 1an cit moét manh giéy tha‘mh’ 7 manh, tirc 1a Manh tao thém 6 manh giéy.
Do d6 cong thirc tinh s6 manh gidy theo n budc duoc thuc hién 1a S, = 6n + 1.

Ta ching minh tinh dung din cta cong thic trén bang phuwong phap quy nap
theo n.

Budc co s6. Manh cat manh gidy thanh 7 manh, n =1, S(1) = 6.1+1 =7
Cong thirc dung voin =1
Budc quy nap: gia st sau k bude, Manh nhan duoc s6 manh giéy la S(k)=6k+1

Sang budc thtr k +1, Manh ldy mot trong s6 nhitng méanh gidy nhan duoc trong
k budc trude va cat thanh 7 manh. Tic la Manh da lay di 1 trong S(k) manh va
thay vao d6 7 manh dugc cit ra. Vay tong s6 manh gidy ¢ budc k + 1 1a: S(k
=1)=S(k)-1+7=S(k) +6=6k+1+1=06(k+1)+1

Vay cong thuc S(n) ding véi moi n € N*. Theo cong thuce trén chi c6 phuong
an D thod man vi 121 =6.20 + 1

Bai 5: Cho x#0 va x +1/x 1a mdt s6 nguyén. Khi d6 v&i moi s6 nguyén
dwong n, c6 két luan gi vé T(n,x) = x" + 1/x" .

A. T(n,x) 1a sb vé ti B. T(n,x) la s6 khéng nguyén
C. T(n,x) la s6 nguyén D. Cac két luan trén déu sai

Hd - dap an

bép an: C

Taco



T( l,K}Z’X—% 14 s6 nguyén.

2 .
T(2.x)=X? %=(X + i) -2 la so nguyén.

Ta s& ching minh T(1,x) 1a s6 nguyén
That vay, ap dung phép chirng minh quy nap, ta co:
Budc co sé: T(1,x) 1a s6 nguyén. Khang dinh diing véi n=1

Bude quy nap: Gia st T(n,x) la sO nguyén voi moi n > 1. Ta s& chiimg minh
T(n+1,x) cling 1a s6 nguyén

Ta co:

B
T(H+1,X) =xt W

=(x + 5) (x“ + in)- (x“‘l + nl_l)
X xX X

=T(1,%).T(n,x) — T(n-1,x).

Theo gia thuyét quy nap, ta c6 T(1,x),T(n,x), T(n-1,x) la cac s6 nguyén nén
T(n+1,x) 1a s6 nguyén.

DAY SO
. Tém tat ly thuyét

1. Dinh nghia day so6: Mdi ham so u xac dinh trén tap cac so nguyén
dwong N duoc goi la mét day so vo han (goi tat 1a day sd). Ki hiéu:

uN - R
n — u(n).
Nguwdi ta thwong viét day sbé dwdi dang khai trién: uy, uy, us, ..., Un,...,

trong d6 u, = u(n) hoac viét tat 1a (u,), va goi u, la sé hang dau, u, 1a sb
hang thr n va la s hang tong quat ctia day so.

2. Pinh nghia day sé hiru han

M6i ham sb u xac dinh trén tap M = {1,2,3,....m} véi m € N dwoc goi la
mét day s hiru han.

Dang khai trién ctia né 1a us, Uy, Us,..., U, trong d6 u, 1a sé hang dau,
U, la s6 hang cudi.

3. Day sb6 tang, day s6 giam
- Day s6 (u,) dwoc goi 1a day sb tang néu ta c6 Uy, > U, v&imoin € N

- Day sbé (u,) dwoc goi la day sé gidm néu ta 6 Uns < U, VOi moi n €
i



Chu y: Khéng phai moi day sé déu tang hodc gidm. Chang han, day sb
(un) V&i u, = (=3)" ttre la day —3; 9; —27; 81,... khong tang cling khéng
giam.

4. Day s6 bi chan

- Day s6 (u,) dwoc goi la bi chan trén néu ton tai moét sé M sao cho
UuysM, VneN

- Day sb (u,) dwoc goi la bi chan dwéi néu ton tai mét sé m sao cho
u,2m, vn € N’

- Day sbé (u,) dwoc goi 1a bi chdn néu né vira bi chan trén vira bj chan
duwdi, trc latdntaicacsdbm, Msaocho: m<u, <M, vV n €N

Il. Bai tap:

1. Phwong phap giai:

1.1. Day sb la tap hop cac gia trictahamsbu:: u:N — R
n — u(n).

Puoc sap xép theo thir ty tang dan lién tiép theo dbi sé tw nhién n: u(1);
u(2); u(3); ....u(n);....

+ Ta ki hiéu u(n) bdi u, va goi 1a s hang thir n hay s6 hang tong quat
cua day so0, u; dwoc goi la sd6 hang dau cua day so.

¢ Ta c6 thé viét day s6 dwoi dang khai trién uy,up,Us.....Un,.... hodc dang
rat gon (u,).

1.2. Day sb tang, day sb giam

¢ Day sb (u,) goi 1a day tadng néu u, < un.; Vn €N’

¢ Day s6 (u,) goi 1a day gidm néu u, > U,y Vn € N°
1.3. Day sb bj chan

¢ Day sb (u,) goi 1a day bi chan trén néu cé mét sb thuc sao cho
U, <M Vn eN’.

¢ Day sb (u,) goi 1a day bi chan dwdi néu cé moét sb thye sao cho
u,>mvn € N

¢ Day s vira bi chan trén vira bj chan duoi goi la day bi chan, tirc la
ton tai sb thwe dwong M sao cho |u, | <M Vn € N’

¢ D& xét tinh don diéu cua day sb (u,) ta xét : Kn=(Uns1-Uy)
*Néu k,>0Vn € N = day (u,) tdng
*Néu k,<0Vn € N = day (u,) gidam.



_ Up4a
t

Khiu,>0 Vn € N'tacothé xét =~ Un

*Néu t, > 1 = day sb (u,) tang

*Néu t, < 1 = day sb (u,) gidam

¢ Dé xét tinh bi chan clia day so ta co thé dw doan rdi chirng minh
bang quy nap.
2. Bai tap van dung
_ 2n+1
n+2

Bai 1: Cho day sb (u_n) cé sé hang tbng quat

1. Viét nam sé hang dau cta day sb.

2. Tim s6 hang thir 100 va 200

3. Sb 167/84 c6 thude day sbd da cho hay khong

4. Day sb c6 bao nhiéu sé hang 1a sé nguyén.

Loi giai:

1. Nam sb hang du clia day la: u;=1, u,=5/4, us=7/5, u,=3/2 ,us=11/7.

% : 2.100+1 _ 67
SO hang thw 100: uypg = —— = —
10042 34

, S6 hang thit 200: U,y = ot = 292

200+2 202

3. Gia st
167 2.n+1 _ 167

L, =—=> =—=>n =250
84 n+2 84

Vay 167/84 1a sb hang thir 250 ctia day sb u,, .
4. Ta co:
_ 2(n+2)-3 _ 2 _ 3

n n+2 n+2

= U, nguyén khi va chi khi 3 chia hétcho (n+2) = n=1
Vay day sb cé duy nhat mot sé hang 1a sbé nguyén.

u, = 2008; u, = 2009
Bai 2: Cho day s6 (up): [2“n+1 = Uy FUpyp, VN 21
1. Chirng minh rang day (Vn):Va=Un-Ug.1 la day khong doi
2. Biéu thj u, qua ug.1) va tim CTTQ cla day sb (u,)
L&i giai:

1. Taco: Un+2)-Un+1)=Un+1)-Un = V(n+2)=U(n+1):":U2=1



2. Taco: : Up-Up1y=1 = u,=upp+l

Suy ra Un=(Un-Ugn-1))+(U(n-1)-Un-2)) +-+(Uz-Ug ) +us =1+1+-+1+u,=n-
1+2018=n+2017

Bai 3: Xét tinh tang gidm cuia cac day sb sau

3n?-2n+1
LLu, =——
n+1
2. u,=n—vn? -1
L&i giai:
1. Ta cé:
_ 5n?+10m+2

Uy — U, = ————
n+l T (n+1)(n+2)

nén day (u,) la day tang

2. Taco:

1 1
u — U, = — <0
n+1 o (m+1)+/(n+1)2-1  n+VnZ-1

Nén day (u,) giam.
Bai 4: Xét tinh tang, gidm va bi chan cla day sb (u,) , biét:

1 _ 2n-13
“Un T 55
9 _ n?+3n+1
- Un = n+1
1

3-Un = e
Lo giai:
1. Ta cé:
__2n-11 2n-13 _ 34

u — U, = — = >0
n+l n 3p41 3n—-2  (3n+1)(3n-2)

voimoin 1.

Suy ra Up+) > U, Vn 21 = day (u,) la day tang.

Mat khac:
2 35 2
Up = 3 ~ 3@n2) == —-1l=u, = 2 Vn=1

Vay day (u,) la day bi chan.
2. Taco:



- (+1D)*+3n+1)+1 n*+3n+1

> U, =
tn+r = tn n+2 n+1
__ n?45n+5  n?+3n+1 _ n+3n+3

— >0vn =1

n+2 n+1 (n+1)(n+2)
=> U,,; > u,vn = 1 =>diy (u,) la diy sb tang.

Zy2n+1 - . , -
=> U, = % =n+1 =2 =>day (u,,) bichan dudi.

3. Tacé:u,>0VvVn=1

Upyy vnZ+n+1 _[n?+n+1
U, Jn+1)2+m+1)+1 n®+3n+3

= Ugeyy < U VN 21 = day (u,) l1a day sb giam.

< 1Vn

Mat khac: 0 < u, <1 = day (u,) la day bi chan.
Bai 5: Cho day sb (up):

_an+2
n 2n—1

,h=1

a) Khi a = 4, hay tim 5 s6 hang dau cta day
b) Tim a dé day s6 da cho la day sbé tang.
L&i giai:

a) V&i a = 4 ta co:

_ 4n+2

n 2n-1
Ta c6: 5 sb hang dau clia day la
U;=6; u,=10/3; uz=14/5; u,=18/7; us=22/9.
b) Ta c6 day sb u, tang khi va chi khi

B _a-4
T (2n+1)(2n-1)

== Uy q — Uy >0Vne¥

= -a-4>0=>a<-4
*Bai tap twong tw:

n+1

‘ = — =
Bai 1. Cho day s0 (u_n) xac dinh bai: Sy — 6Up VN = 2

1. Viét 7 s6 hang dau tién cta day



2. Chirng minh réng: u,=5.3""-6.2"'vn = 1

Bai 2: Cho day sbé (u_n) c6 sb hang tbng quat: Yn — Zn+vn® + 4
1. Viét 6 sb6 hang dau cua day sb
2. Tinh u,0 ,u,010
3. Day sb da cho c6 bao nhiéu sé hang la sé nguyén.
Bai 3: Cho day sb (u_n) Xac dinh
U, = 2;
béi- [un =2u, ;+3n—1,vVn =2
1. Tim 5 s6 hang dau cuia day
2. Ch&rng minh rang : u,=5.2"-3n-5 ¥n=1,2,3...
3. Bai tap trac nghiém
Bai 1: Cho day sb (u,). Khi d6 sé hang tht 5 ctia day u, 1a
u; = 2

0 =

A. 10 B. 48 C. 16 D. 6

Hd- dap an

Pap an: B. Ta c0 U,=uy, U3=2U,, U4=3U3, Us=4U,=48.

Bai 2: Cho day sb u,. Khi dé sé hang us, ctia day (uy) la:
_sin(%)

Up=—pv&imoin=1
n+1 -

voimoin =1

1

3n+1

B -

n+1
-1
C.
3n+1

D. 0
Hd - dap an
Dap an: D

_sin(nm)

Tacou :
a1

Bai 3: Cho day sb (u,). Khi dé sb hang thir 5 cha day sb la:



u =1

. voimoin =1
Uppg = U, + 71

()

A. 11 B.7 C.9 D. 10

Hd- dap an

Dap an: A

Ta c6 U,=u;+1=2, us=u,+2=4, u,=

Us+3=7, Us=u,+4=11.

Bai 4: Cho day sb (u,) xac dinh b&i u, = n® — 4n — 2. Khi d6 uyo bang:
A. 48 B. 60 C. 58 D. 10

Hd - dap an

bép an: C

Hudéng dan giai. ug = 10° — 4.20 — 2 =58,

Bai 5: Cho day sbé u, = 1+ (n +3).3". khi d6 codng thirc truy hoi cla day
la:

A. Uy =1+3u,véinz=1 B. U1 =1+3u,+ 3,1 VOIiNn21
C.Umwi=Uy+31-2Vv0in=1 D. Ups1 =3U, + 3041 -2 VOIiNn 21
Hd- dap an

Dap an: D

Taco

Unosr = 1+ (n+4).3™1 =1 + (n+3).3"" + 3™

=1+3"(n+3).3+ 3" =3[1 + (n+3).3"+ 3" -2 =3u, + 3" -2

Bai 6: Cho day sO (un). Ba s0 hang dau tién cua day so do lan luot la
nhirng s6 nao dudi day?

U. = n
n gn
111 11 1
A === B. -5 —
2’4’8 2’4’ 26
11 1 1.2 3
C.-;—;— D. =;-;-
2"4" 16 2734
Hd- dap an
bép an: B

Dung MTCT chtrc nang CALC: ta ¢6 u;=1/2;u,=1/4;u3=3/26



33

DU = — i
3’-1 26

ba | —
Lid
(o)
1
—_
oo | k2
| —

Bai 7: Cho day s6 (u,). Tim s hang us
_ 2n?-1

. n2+3
A. us=1/4 B. us=17/12
C. us=7/4 D. us=71/39
Hd- dap an
Pap én: C
Thé tryc tiép hodc dung chic nang CALC: us=49/28=7/4 .
Bai 8: Cho day sb (u,) biét u,=(-1)".2n Ménh dé nao sau day sai?
A. u;=-2 B. u,=4 C. uz=-6 D. u,=-8
Hd- dap an
bép an: D
Thay truc tiép hodc ding chirc ning CALC: u,=-2.1=-2;u,=(-1)?.2.2=4;
uz=(-1)%.2.3=6;u,=(-1)".2.4=8.
Bai 9: Cho day sb (u,) biét u,=(-1)".5*"*° Ménh dé nao sau day dung?
A. Day sb (un) bi chan trén va khéng bi chan dwéi.

B. Day s6 (u,) bi chan dwdi va khong bi chan trén.

C. Day sb (u,) bi chan.

D. Day sb (u,) khéng bj chan.

Hd-dap an

Dap an: D

Néu n chin thi u,=5°"*° > 0 ting 1én v6 han (duong v6 cung) khi n ting 1én vo

han nén day (u,) khong bi chdn trén.
Néu n 1¢ thi u,=-5""" < 0 giam xudng v han (dm vo cung) khi n ting 1én vo
han nén day (u,) khong bi chan dudi.

Viay day s6 da cho khong bi chan.

Bai 10: Trong céc day sb (u,) sau day, day sb nao la day sbé bj chan?

1
Au,=vn?+1 B.u, =n+-

C.u,=2"+1 D. u, = ——

Hd- dap an



Dap an: D
Cac day sé n% n; 2" duong va ting 1én v6 han (duong v6 cung) khi n ting 1én
vO han,

xfn2+1;n+i;2”+1

nén cac day ciing ting lén vo han (duong vo
cung), suy ra cac day nay khong bi chan trén, do d6 chung khong bi chén.
A r 1
Nhan xét: 0<u,, = L =1-——<1
n+1 n+1

Bai 11: Trong cac day sbé (u,) cho bdi sd hang tdng quat u, sau, day sb
nao bi chan?

1
Aty =, B.u, = 3"
C.u,=vn+1 D.u, =n?
Hd- dap an
Dap an: A

Céc ddy sb n% n; 3" duong va ting 1én v6 han (dwong v6 cung) khi n ting 1én
vO han

2.4/ . 2N
nén cac day nsvn+1;3 cling tang 1én v6 han (duong vo cung), suy ra
cac day nay khong bi chan trén, do d6 ching khong bi chén.

Bai 12: Cho day sb (u,). Day sbé (u,) bi chan trén béi s6 ndo dwédi day?

_ 3n-1

n 3n+1
A. 1/3 B.1 C.1/2 D.0
Hd- dap an
Dap an: B

r 3 _1 2
Tz’w:::-u,l,,lzirl =1- <1
3n+1 3n+1

Mit khac: u,=5/7 > 1/2 > 0 nén suy ra day (u,) bi chin trén bdi sb 1.

Bai 13: Trong cac day so (u,) cho bdi s6 hang tong quat u, sau, day so
nao la day so tang?

1 1
A Un 2_11 B. un == H
n+5 2n—1
C. D. =
0 ap41 n n+1



Dap an: D
Vi 2" n 1a cac day duong va ting nén 1/2" ; 1/n 1a cc day giam, do do loai cac
dap an A va B.

Xét dap an C:
y :;;51 => U =2 U, == >
Bai 14: Cho day sb z, =1 + (4n — 3).2"
A. Day z, la day tang B. Day z, bi chan duwéi
C. Ca A vaB dé sai D. Ca A va B déu dung
Hd- dap an
bép an: D

Hudng dan gidi. zye = 1 + (4n+1).2"%; 2, = 1 + (4n-3).2"

= Zn41-Zn=2" (4n+5) >0 Vn € N*

= (z,) tang = z,>2z,=3 Vn € N*

Bai 15: Cho day sb u, = n* — 4n + 7. Két luan nao dung?

A. Day (up) bi chan trén B. Day (u,) bi chan dwéi

C. Day (u,) bi chan D. Cac ménh dé A,B,C déu sai
Hd- dap an

Dap an: B

Hudng dan gidi. u,=n°—4n+7=(n-2)*+3 >3

= (Uy) bi chin duéi béi 3

(un) khong bi chan trén boi vi n cang 16n thi u, cang 1on

Bai 16: Xét day (u,). Khi d6 sé a dwong I&n nhat thod man u, = a Vn 2
1 la:

(Wa): U, =mn +i
A.a=1 B.a=2 C.a=12 D.a=\2
H d-dap an

Dép an: B

- 1
Tacounszr; =2WVn=z1—-a=2



VECTO TRONG KHONG GIAN
I.LY THUYET
1. Dinh nghia va cac phép toan

e Dinh nghia, tinh chit, cac phép toan vé vecto trong khong gian dugc xdy dung hoan
toan twong tu nhu trong mat phang.

e Luuy:

+ Qui téc ba diém: Cho ba diém A, B, C bat ky, ta c6: AB+BC = AC

+ Qui tic hinh binh hanh: Cho hinh binh hanh ABCD, ta c6: AB+AD = AC

+ Qui tdc hinh hop: Cho hinh hop ABCD. A'B'C'D’, ta c6: AB+AD+AA'=AC'

+ H@ thirc trung diém doan thiang: Cho I 13 trung diém cua doan thang AB, O tuy ¥.

Ta c6: IA+IB=0; OA+OB=20I

+ H¢ thirc trong tAm tam giac: Cho G la trong tdm cua tam gidc ABC, O tuy y. Ta cé:
GA+GB+GC=0; OA+OB+0OC =30G

+ H¢ thire trong tam tir dién: Cho G 1a trong tdm cua tir dién ABCD, O tuy y. Ta c0:
GA+GB+GC+GD=0; OA+OB+OC +0D =40G

+ Piéu kién hai vecto cing phwong: & vag b cugng phodng (a =0) <3k eR:b =ka

+ Piém M chia doan thang AB theo ti s6 k (k # 1), O tuy y. Ta co:
MA=kiB; oM =2A—KOB

1-k
2. Sw dﬁng phflng cua ba vecto

e Ba vecto duogc goi la dong phang néu cic gia cia chung cung song song vo1 mdt mat
phang.

e Pidu kién dé ba vecto ddng phing: Cho ba vecto &,b,c, trong d6 a vag b khong
cung phuong. Khi dé: &,b,¢ ddng phing <> 3! m, n € R: € =ma-+nb

e Cho ba vecto &,b,¢ khong dong phang, X tuy y.
Khi d6: 3'm,n,p e R: X=ma+nb+ pc
I1.BAI TAP:
1. Dang : CHUNG MINH MOT PANG THUC VECTO.

* Cac ky ning can dat.
- Nhian dang nhanh cic ki€n thitc.
- Bi€n d4i linh hoat, mém déo d€ dua vé cdc dang di hoc, cdc ding thic di biét.

- Tim 10 giai gon, nhe.




Bai 1: Cho hinh Ling tru ABC.AB'C’, M 1a trung diém cia BB'. Pit CA=a, CB=b,

m:C.Chﬁ’ng minh: AM =b —d+=¢.

N |-

Huwong din giii:

Ta phéan tich nhu sau:

m=m+w=@_a+%@

Bai 2: Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh. Pat SA=a; SB=b;
%zé; SD=d. Chirng minh: d+C=d+Db.

Huong din giii:

Goi O la tam cua hinh binh hanh ABCD. Ta phan tich nhu sau:

~_ (do tinh chét cia duong trung tuyén)

SA+SC =2S0
SB+SD =250

—SA+SC=SB+SD<>d+C=d+b.

Bai 3: Cho tit dién ABCD. Goi M va P 1an luot I trung diém ciia AB va CD. Dat AB =D

, AC=C, AD=d. Ch&ngminh:W=%(6+J—5).

Huwéng dan gidi:

Ta phan tich:

P= %(Wf + W) (tinh chat duong trung tuyén)

—(AC - AM + AD - AM) =2 (¢ +d - 2AM)

:%(ma_m):%(ma_s).

Bai 4: Cho hinh hop ABCD.A'B'C'D’ ¢ tdm O. Goi | 13 tdm hinh binh hanh ABCD. Dt
AC' =0 ,CA'=V, BD =X, DB'=V . Chimg minh: 2&:—%(U+\7+f<+ y).

Huéng din giii:

Ta phan tich:
U+V:r0+@:(rC+C—O)+(@+m):2m.




+V=BD’+W=(@+W>+(@+B—B’)=ZW=ZM.

xi

G+V+X+Y=4AA =—4AA=-4.20I.

J

:2&z—%(ﬁ+\7+i+?).
Bai 5: Cho tir dién ABCD c6 G 14 trong tdm tam giac BCD. Pat X=AB:; y=AC; 7= AD
. Chtmg minh: ?G:%(myn).

Huong din giii:

Goi M 1a trung diém CD.
Ta phan tich:

AG = AB +BG = AB+ 2 BM = AB + =AM - AE)

~AB+2) 2(AC+AD)- A8 |- 3(AB + AC+ AD)=3(+y+2). B

C

* Bai tap twong tu:
Bai 1: Cho ti dién ABCD. Goi E, F 1in lugt 1a trung di€m ctia AB va CD, I 1a trung diém
cta EF.

a) Chung minh: IZ+E§+I—C+5=6.

b) Chitng minh: MA+MB+MC+MD =4MI , v6i M tuy §.

Bai 2: Chitng minh ring véi 4 diém A, B, C, D Dbit ki, ta ludn cé:
AB.CD -+ AC.DB+ AD.BC =0
Bai 3: cho hinh chép S. ABCD c6 ddy ABCD la hinh binh hanh tdm O.

a. Chirng minh ring: SA+ SC= SB + SD.

b. Tinh t&ng: SA +SB + SC +SD

2. Dang : CHUNG MINH BA VECTO PONG PHANG.

PHAN TICH MOT VEC TG THEO BA VECTG KHONG PONG PHANG CHO
TRUGC

e D¢ chitng minh ba vecto dong phdng, ta cé thé chitng minh bdang mdt trong cdc cdch:
+ Chitng minh cdc gid ciia ba vecto cung song song vdi mot mdt phdng.
+ Dua vao diéu kién dé ba vecto dong phdng:

Néucé m,n € R: ¢ =mid+nb thi d,b,¢ ddng phing




e D& phdn tich mot vecto X theo ba vecto a,b,¢ khong dong phdng, ta tim cdc s6' m, n,

p sao cho: fc:m&'+n5+p5

Bai 1: Cho ba vecto a,b,c khong ddng phing. Xét cac  vecto
Xx=2a+b;y=a—-b—c;z=-30—2c . Ching minh: X;y;z ddng phing.

Huong dan giii:

Ta c0: 9 = %()? + E) nén ba vecto X;y;z dong phing.

Bai 2: Cho hinh hop ABCD.AB,C,D,. Tim gia tri cia k thich hgp dién vao ding thirc vecto:
AB+BC, + DD, =kAC,

Huwong din gii:
D
N, !
+Taco: AB+BC, +DD, = AB+BC+CC, = AC, . !
Nén k =1. A [~2 i B
Bai 3: Cho hinh hop ABCD.EFGH . Goi | 1a tm hinh R
binh hanh ABEF va K 14 tam hinh binh hanh T
Chimg minh : BD, IK,GF dong phang. ! -~ [~
Huéng din gidi:
IK //(ABCD) !
GF//(ABCD) = IK,GF,BD ddng phing. A : B
BD < (ABCD) i
| LXK
| KT
9 N A
E F

Bai 4:Cho lang tru tam gidc ABC.A'B'C’ c6 AA =a, AB=h, AC =c. Hay phan tich (biéu

thi) vecto BC' qua cac vecto a,b, c.

Huéng din giii:

Taco: BC'=BA+AC' =—AB+AC+AA =—b+c+a=a-b+c.




Bai 5: Cho hinh ling tru ABCA'B'C’, M 1a trung diém cuaBB’. Dat ﬁzé,@:ﬁ,

AA' =cC. Hay phan tich (biéu thi) vecto AM qua cac vecto a,b, c.

Huwong din gidi:

Tacd AM = AB+BM =CB— CA+;BB' 6—5+%E

* Bai tap twong tu:

Bai 1: Cho tam gidc ABC. LAy diém S nim ngoal mat B
phing (ABC). Trén doan SA 14y di€ém M sao cho MS = “2MA va trén doan BC ldy di€m

N sao cho NB = —%NC . Ching minh ring ba vecto AB,MN,SC ddng phing.

HD: Chitng minh MN —%E %E

Bai 2: Cho hinh hop ABCD.EFGH. Goi M, N, I, J, K, L l1an lugt 1a trung diém cla céc
canh AE, CG, AD, DH, GH, FG; P va Q 1an lugt 1a trung diém cta NG va JH.

a) Chirng minh ba vecto W,ﬁ,@ ddng phing.

b) Chitng minh ba vectd IL,JK,AH ddng phing.

HD: a) W,ﬁ,@ co gid cung song song vdi (ABCD).

b) E,JT(,E co gid cung song song vdi (BDG).
Bai 3: Cho hinh lang tru tam gidc ABC.A'B'C’ ¢c6 AA'=d,AB=b,AC =¢ . Hiy phan tich
cac vectd ﬁ’,?C’ theo cdc vects ZI,I;,E )

HD:a) BC=¢—d—b b) BC'=d+¢—b.
Bai 4: Cho hinh hop OABC.DEFG. Goi I 1a tdim cda hinh hop.

a) Phan tich hai vecto OI vt AG theo ba vectd &, &‘,O—D

b) Phan tich vectd BI theo ba vecto FE FG,FI .
Bai 5: Cho hinh 1ap phuong ABCD.EFGH.
a) Phén tich vecto E theo ba vectd A—C, E,E

b) Phan tich vecto E theo ba vectd A—C,A—F,E.



3. Bai tap trac nghiém:
Céau 1: Cho tir dién ABCD c6 G 1a trong tdm tam giac
Z=AD. Khing dinh nao sau ddy ding?

A. AT;:%(merz).

Huwong din gidi:
Chon A.
Goi M 1a trung diém CD.

Ta phan tich:

C.

Ny

—+

<l

(X+

).

AG = AB +BG = AB + 2 BM = AB -+ AM - AB)

AB +—

2{1
32

B.E:-%(X+y+z).
— 2, .
D. AG:—g(x+y+z).

(AC+AD)- A8 |~3(A8+ AC +AD) = (x+7 +2). B

BCD. Pit X=AB; y=AC;

C

Cau 2: Cho hinh hop ABCD.AB'C'D’ c6tam O.Pat AB=4;
BC=b. M ladiém xéc dinh boi OM = %(é — 5) . Khang dinh nao sau dy ding?

A. M la tdm hinh binh hanh ABB'A'.
C. M latrung diém BB'.

Huong din gidi:

Chon C.

Ta phan tich:

OM = >(a-b) X

OM ==
= M 1a trung diém cua BB'.

i ~(AB~BC) =2 (AB- AD) - DB

Cau 3: Cho ba vecto 5,6,6 khong

dong

B. M la tam hinh binh hanh BCC'B'.
D. M 1a trung diém CC'.

Xét

phang. cac  vecto

X =2a—-b;y=-4a+2b;z=-3b—2c . Chon khing dinh dung?

A. Hai vecto y;z cung phuong.
C. Hai vecto X;z cung phuong.
Huwong din gidi:
Chon B.

+ Nhan thay: 9 = —2x nén hai vecto )2;?/ cung phuong.

B. Hai vecto Xx;y cung phuong.

D. Ba vecto )2;9;2 ddng phang.



Cau 4: Trong mit phang cho tir giac ABCD c6 hai duong chéo cit nhau taiO. Trong cac

khing dinh sau, khing dinh nao sai?

A. Néu ABCD Ia hinh binh hanh thi OA+OB +0OC + 0D =0.

B. Néu ABCD la hinh thang thi OA+OB +20C +20D =0

C. Néu OA+OB+0OC +0D =0 thi ABCD Ia hinh binh hanh.

D. Néu OA+OB +20C +20D =0 thi ABCD I3 hinh thang.
Huéng dén gidi:
Chon B.
Cau 5: Cho hinh hop ABCD.AB,C,D,. Chon khang dinh dting?

A ﬁ,B—Dl,B—Cl dong phang. B.
C. C—Dl,m,@ dong phang. D.
Huong din gidi:
Chon C.

+M,N,P,Q lan lugt la trung diém cua AB, AA,DD,,CD.

Taco CD,//(MNPQ); AD//(MNPQ); AC //(MNPQ)
= TQ,E,E dong phang.

Cau 6: Cho ba vecto a,b,c khong ddng phang. Xét cac

vecto X =2a+ 5,)7 —a-b—c;z=-3b—2c . Chon khang dinh ding?

A. Ba vecto ;(;9;2 dong phang.
C. Hai vecto x;b cung phuong.
phuong.

Huéng din gidi:

Chon A.

Taco: y= %(;( + E) nén ba vecto X;y;z dong phing.

Cau 7: Cho hinh hop ABCD.AB,C,D,. Tim gia tri cta

A

A

C—Dl,ﬁ,ﬁ dong phang.

AB, AD, Cl—A dong phang.

B. Hai vecto x;a cung phuong.

D. Ba vecto ;(;9;2 do61 mot cung

B

D

|

]

' B
N

|

| TBk=2

I \\\\
IS :

k thich hop dién vao ding thic vecto: A
AB+BC, + DD, =kAC,
A k=4, B. k=1. C. k=D.
Huong din gidi:
A;

Ci



Chon B.

+Taco: AB+BC,+DD, =AB+BC+CC, =AC,. Nén k =1.

Cau 8: Cho hinh hop ABCD.A'B'C'D’' c6 tam O. Goi | la tam hinh binh hanh ABCD. bat

AC'=u,CA =v, BD' =X, DB’ = y. Trong c4c ding thttc sau, déng thirc nao ding?

A 201 == (U +X+). B. 201 = Z (U +V+X+Y).
. 1 - -~
C. 20l :§(u+v+x+y). D. 20l :Z(u+v+x+y).
Huong din gidi:
D K
Chon A. N 4 - C
I\\ 1 ,/’
+Goi J,K lan luot 1a trung diém cta AB,CD. 7 N
1 N 1 L
+Ta co: A :k\‘\:,",", B
B G, ~ . . \‘\:\\‘I,/’
201 =0J +OK :%(OA+OB+OC +OD):—%(U +V+X+Y) .“\\\;':
O T
/,I(,// \\ \\\~\
BETRT
A B’

Cau 9: Cho hinh lang tru tam giac ABC.ABC,. Pat m —a,AB=b,AC=c,BC=d, trong
cac dang thire sau, ddng thirc nao ding?

A. a+b+c+d=0. B. a+b+c=d. C.b—c+d=0. D.
a=h+c.
Huéng din gidi: A C
Chon C.

+ D& thdy: AB+BC+CA=0=b+d—-c=0.




Cau 10 : Cho hinh hop ABCD.A'B'C'D’. Goi | va K 1an luot 1 tAm cta hinh binh hanh
ABB’A’ va BCC'B'. Khang dinh nao sau day sai ?

A.Bbndiém I, K, C, A dong phing B. R=%E=%A’C'
C. Ba vecto BD; IK;B'C’ khong ddng phéng. D. BD+2IK =2BC
Huéng din gidi:
Chon C.
A. bung vi 1K, AC cing thudc (B'AC)
B. Biing vi IK = 1B'+B'K = =(d+B)+2(-a+C) =2 (6+C) == AC == AT’
2 2 2 2 2
o 1 oy 1 - oy 1 -
C.Saivi IK=IB"+B K=—(a+b)+—(—a+c)=—(b+c).
2 2 2

— BD+2IK =—b+c+b+c=2c=2B'C’' = ba vécto dong phang.

D. Ding vi theo cau C = BD+2IK =—b+c+b+c=2c=2B'C’ = 2BC.
HAI PUONG THANG VUONG GOC

I.Tém tat 1y thuyét

1. Tich vé hwéng cua hai vecto trong khong gian
- Goc gitra hai dudng vecto trong khong gian:

— —
Goc gilra hai vecto (khac vécto khéng) u, v 1a goc BAC véi AB = u; BC = v
- Tich vé huéng ctia hai vecto trong khdng gian:

Cho hai vecto khac vecto khéng @, v :

—

Biéu thirc u. v = |ul. |v|. cos(u, ) dugc goi la tich vé huéng cta hai vecto uva v .

Néu % = 0 hodc ¥ = 0 thi ta quy uéc % . v = 0.

2. Vecto chi phwong ctia dwong thang
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- Vecto a khac vecto- khéng, duoc goi 1a vécto chi phuong ctia dudng thdng d néu gia clia a song
song hoac trung voi d.

- Néu a 1a vecto chi phuong cia dudng thdng d thi ka (k # 0) cling la vecto chi phuong cua d.

- Mét dudng thang d trong khong gian hoan toan xac dinh khi biét mét diém va vecto chi phuong
cua no.

- Hai dudng thang phan biét song song v&i nhau khi va chi khi ching cé cling vecto chi phuong
cung phuong véi nhau.

3. Géc giira hai dworng thang trong khéng gian

Pinh nghia:

Goc gitra hai dudng thdng a va b trong khéng gian 1a géc gitra hai dudng thdng a’ va b’ cung di qua
mét diém va 1an luot song song véi a va b

Chuay:
- Diém O c6 thé |4y trén mot trong hai dudng thang a va b.
- Géc gilra hai duéng thang khéng vuot qua.

- Néu zﬁ,zz I&n lrot 14 vec to chi phuong cla a va b va (17:, 17;) = a thi goc (a;b) = a néu
0 < a < 90° va bang 180° — a néu a > 90°.

4. Hai dwéng thang vudng géc véi nhau
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Pinh nghia:

Hai dudng thing duoc goi 1a vudng goc véi nhau néu gée gitra ching bang 90°

Nhén xét:

- Néuu:, u; lan lugt 1a cac vec to chi phuong cla hai dudng thangavabthia L b ,:,.u':_ -u; =1 ;

- Mét dudng thdng vubng géc véi mét trong hai duéng thang song song thi vuéng géc véi dudng
thang con lai.

- Hai duwdng thang vudng géc véi nhau cé thé cat nhau hoac chéo nhau.

Phuong phap: Dé tinh géc gitra hai dwdng thang a, b chéo nhau trong khéng gian ta cé thé ap dung
mét trong hai cach sau:

- Tim mét géc gilra hai dudng thang cat nhau lan luot song song véi hai duéong thang a, b; dua vao
mét tam giac, sir dung cac hé thirc trong tam giac (dac biét la dinh ly c6- sin).

- Lay céac vecto u, v cung phuong véi a, b; biéu dién i, ¥ qua cac vecto da biét dd dai va goc, tinh
cos(u, v) roi suy ra goc (a; b)
I1. Bai tap

1. Bai tap van dung
Bai 1 : Cho tir dién ABCD déu. CM: AB vudng géc véi CD
Huéng dan tom tit: dung tich vo huéng AB.CD =0
C2:Goi M la td cia AB ,CM cho AB L (MCD)

Bai 2 : Cho hinh chop S.ABC c6 AB = AC, géc SAC = géc SAB. M Ia trung diém BC.
C/M a. AM vuong goc voi BC va SM vuong goc véi BC b. SA vuong goc voi BC

Huéng dan tom tit: a, A ABC cin = AM L BC. b, A SAB= A SAC(cgc) = SB=SC
— SM 1 BC

Bai 3 :Cho tir dién ABCD c¢6 tat ca cac canh déu bang a. Goi O 1a tim dwong tron ngoai
tiep tam giac BCD

a.CM: AOLCD

b. Tinh goc giira 2 dt AB va CD

Huéng dan tom tit: a, AO L (BCD) = AO L CD

b.Goi M la trd CD = AM L CD ,lai c6 AO L. CD = CD 1 (AMB) = CD L AB
Bai 4 : Cho tir dién ABCD cé day BCD la tam giac déu canh 2a, AB=AC=AD=23a

a.CMR AD vudng goc BC

b,Goi I 1a trung diém CD. Tinh goc giita AB va CD

Huéng dan tom tit: a.Goi E 1a tr d CB = AE 1 BC. ADBC déu = DE 1 BC=BC L
(AED) = BC L. AD

céch 2: BC.AD =BC.(AE + ED)=0= BC L AD
b. 11a trung diém CD = Bl 1. CD;Al L CD = CD 1 AB

2. Bai tip tric nghiém:
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Caul: Cho hinh lap phuong ABCD.EFGH. Géc giita cdp vecto AF va EG
bang:
A. 60°. B. 0°. c. 30°, D. 90°.

Cau2: Cho hinh chép S.ABCD c6 ddy ABCD la hinh thoi canh a. Biét SA = a,
SA L BC. Goi I, J lan luot 13 trung diém cua SA, SC. Goc giira hai duong

thang SD va BC la:

A. 45°. B. 90°. C. 60°. D. 30*
Cau 3: Cho hinh lap phuong ABCD.A’B’C’D’, gbc giita duong thing A’C’ va

B’C la:

A. 30°. B. 60°. C. 90°. D. 120°.

Céau4: Cho hinh chop S.ABCD c¢6 day ABCD la hinh chir nhat, AB = a,
AD = a\/g . Canh bén SA vudng goc v6i mat phang (ABCD) va SA = a.
G6c giira duong thang SB va CD la:
A. 45°. B. 60°. C. 30°. D. 90°.
Cau5: Cho hinh hop ABCD.A’B’C’D’ ¢6 tat ca cac canh déu bang nhau. Trong
cac ménh sau, ménh dé nao sai?
A. ACLB'D'. B. AA' L BD. C. AB'LCD'. D.
AC 1L BD.

Cau 6: 9 Cho hinh chop S.ABCD cd tht ca cac canh ‘déu bﬁng a. GoilvalJlan luot la
trung diém cta SC va BC. S6 do cua goéc (1J, CD) bang

A. 90° B. 30° C. 45° D.
60°.
Cau 7: Cho tr dién déu ABCD c6 canh bing a. Khi d6 AD.DC =?
2 2
A. a2, B. —a’. c -2 D. 2.
2 2

Cau 8: Ménh dé nao sau day dung?

A. Goc gilta hai duong thang bang goc giita hai vécto chi phwong cua hai duong
thang do.

B. Goc giira hai duong thing nho hon hodc biang 90°

C. Goc giira hai duong thing a va b bang goc giira hai dudng thing a va ¢ thi b
song song vdi C.

D. Goc gitta hai duong thang a va b bang goc giita hai dudng thang a va ¢ khi b
song song véi ¢ (hodc b trung vai ¢).
Cau 9: Cho hinh ch6p S.ABCD c6 SA vudng géc véi ddy, ABCD la hinh vudng.
Pudng thing SA vudng géc vdi dudng thing

A. SC. B. SB. C. BC. D. SD.

Cau 10:  Cho hinh lap phuong ABCD.EFGH. Hiy xac dinh goc giita cip vecto AB
VAEG ? A. 90% B. 45° C. 120 D. 60%



